A dessin is a 2-cell embedding of a connected bipartite graph into an orientable closed surface. An automorphism of a dessin is a permutation of the edges of the underlying graph which preserves the colouring of the vertices and extends to an orientation-preserving selfhomeomorphism of the supporting surface. A dessin is regular if its automorphism group is transitive on the edges, and a regular dessin is totally symmetric if it is invariant under all dessin operations. Thus totally symmetric dessins possesses the highest level of external symmetry. In this paper we present a classification of totally symmetric dessins with a nilpotent automorphism group of class three.
Introduction
By Belyǐ's theorem [1] , a compact Riemann surface S, regarded as an algebraic curve, is definable over the fieldQ of algebraic numbers if and only if there is a non-constant meromorphic function β from S to the Riemann sphere with at most three critical values. By composing β with a Möbius transformation when necessary, these three critical points can be chosen as {0, 1, ∞}. Joining 0 and 1 with a single edge we obtain the trivial bipartite map on the Riemann sphere, which lifts along β to a bipartite map on S:
The embedded bipartite graph is the preimage β −1 [0, 1] of the closed interval [0, 1], and the black and the white vertices are the preimages of 0 and 1 respectively.
The absolute Galois group G := Gal(Q/Q) has a natural action on the coefficients of polynomials and rational functions which define the Riemann surfaces and Belyǐ functions. In particular, it induces an action of G on the bipartite maps. Grothendieck showed that this action is faithful [10] , so we have a combinatorial approach to G. Following Grothendieck such bipartite maps will be called dessins.
A dessin D is regular if the associated Belyǐ function β is a regular covering, in which case the automorphism group Aut(D) of D, the group of covering transformations of β, acts transitively on the edges of D. Recently, González-Diez and Jaikin-Zapirain have shown that the action of G on dessins remains faithful when restricted to regular dessins [9] .
An important problem in this field is the classification of regular dessins, typically imposing certain conditions on the supporting surfaces, the embedded graphs or the underlying automorphism groups [3, 5, 7, 8, 11, 12, 14, 15, 18, 20] .
In this paper we investigate regular dessins with nilpotent automorphism groups, with emphsis on totally symmetric ones, i.e., regular dessins which are invariant under all dessin operations. As shown by Jones in [15] , every nilpotent regular dessin is covered by a nilpotent totally symmetric dessin. Totally symmetric dessins with nilpotent automorphism groups of class one and two have been classified in [11, 12] . The main result of the present paper is a classification of totally symmetric dessins with nilpotent automorphism groups of nilpotent class three, see Theorem 15.
Algebraic theory of dessins
In this section we outline the algebraic theory of regular dessin and dessin operations. For more details the reader is referred to [16] and [15] .
Each dessin D on an orientable surface S determines a two-generator transitive permutation group Mon(D) = ρ, λ on the edge set E of D: The global orientation of S induces two permutations ρ and λ which cyclically permute the edges incidenct with each black and each white vertice of D; since the underlying graph of D is connected, the group Mon(D) = ρ, λ is transitive. Let
i.e., F 2 is the free group of rank two. Then we have a transitive permutation representation of F 2 defined by
In this representation the black and the white vertices correspond to the orbits of the subgroups X and Y , respectively, and the faces correspond to the oribits of XY , with incidence given by non-empty intersection. The stabilizer N := Stab F 2 (e) in F 2 of an edge e is a subgroup of finite index in F 2 . This subgroup is uniquely determined up to conjugacy. It will be called the dessin subgroup associated with D. Moreover, an automorphism σ of 
of F 2 acts as the group of dessin operations on the isomorphism classes of dessins. It is well known that Aut(F 2 ) is genearated by the elementary Nielsen transformations of the form
This is not a minimal set of generators. For instance we have Proposition 1. Aut(F 2 ) = τ, π, ζ and Ω = ω τ , ω π , ω ζ where ω τ , ω π , ω ζ are dessin operations induced by the automorphisms τ, π, ζ of F 2 .
Proof. Note that π 1 = τ πτ and η = τ ζτ , we have Aut(F 2 ) = τ, π, ζ , and hence Ω = ω τ , ω π , ω ζ .
The operation ω τ on dessins transposes the black and white vertices while preserves the faces and orientation. The operation ω π reverses the orientation around the black vertices while preserves it around the white vertices. It is sometimes called the Petrie operation, since it transposes the faces with the Petrie polygons (the zig-zag paths). Finally, let ι = ππ 1 , then the operation ω ι transforms a dessin into its mirror image by reversing the orientation around the black and white vertices.
The most important dessins are regular dessins, in which both Mon(D) and Aut(D) are regular permutation groups on E, and the associated dessin subgroups N are normal in F 2 . In particular we have Moreover, for an automorphism
In this case we say that the regular dessin D posseses the external symmetry σ. More specifically, a regular dessin D will be called symmetric (resp. selfPetrie-dual, reflexible) if it is invariant under the operation ω τ (resp. ω π , ω ι ). A regular dessin which is invariant under all dessin operations will be called totally symmetric. It follows that a regular dessin is totally symmetric if and only if the associated dessin subgroup N is characteristic in F 2 , in which case we have a natural homomorphism Aut(F 2 ) → Aut(G) where G ∼ = F 2 /N. In particular each of the following assignments extends to an automorphism of G (By abuse of notation we have retained the Greek letters used above):
Define ι = πτ πτ and ν = ιτ ζτ ι. Then
and ν : x → x, y → xy.
Proof. It suffices to prove that
where m is a nonnegative integer. Then
where r and n are nonnegative integers, gcd(r, p) = 1, and g 1 ∈ G ′ . Applying τ to (2) we have
So we have
By the minimality of m we have m ≤ n.
If m = n, then applying ν = ιτ ζτ ι : x → x, y → xy to (2) we have
By Hall-Petrescu formula [2, Theorem A.
, and hence
. It follows that
Therefore
On the other hand, if m < n, then by (2) and (3) we have
where
Proposition 3. [15] Let G be a finite two-generator group, then
(
ii) The isomorphism classes of regular dessins D with Aut(D) ∼ = G are in one-to-one correspondence with the orbits of the action of Aut(G) on the generating pairs of G.
Note that the number |R(G)| = |N (G)| is finite. Define
Then K(G), being the intersection of finitely many normal subgroups of finite index in F 2 , is normal of finite index in F 2 . Let U(G) be the regular dessin associated with K(G), andḠ = F 2 /K(G). Then U(G) is the smallest regular dessin which covers all regular dessins in R(G). The construction of U(G) andḠ implies that U(G) is the unique regular dessin with an automorphism group isomorphic toḠ. The uniqueness implies that U(G) is totally symmetric, and is defined over the field of rational numbers. In particular, if G is nilpotent of class c, then so isḠ [15] . If G ∼ = C n × C m , the direct product of two cyclic groups of orders n and m, thenḠ ∼ = C n × C n , and U(G) is the nth degree Fermat dessin, corresponding to the standard embedding of K n,n [14] into the Fermat curve
For a regular dessin D = (G, x, y), the type of D is the triple (l, m, n) where
the orders of the elements x, y and xy. It has genus g determined by the Euler-Poincaré formula:
Nilpotent groups
In this section, we summarise some preliminary results on nilpotent groups to be used later. Let G be a group, the commutators of order n are defined recursively by the rule
where x i ∈ G. For subgroups H, K of G, the notation [H, K] will mean the group generated by all [x, y] with x ∈ H and y ∈ K. In particular, [G, G] is the commutator subgroup of G. We define recursively the nth derived subgroup of G by the rule
A group is solvable if the sequence
terminates at the identity group in a finite number of steps, say
, and the upper central series
A group is nilpotent if its lower central series terminates at the identity group in a finite number of steps. This is equivalent to that its upper central series contains G in a finite steps [13] . If G is a nilpotent, then its upper central series and lower central series have finite length and both have the same length c. The number c is called the class of G. In general if G is nilpotent of class c, then for each 
where α is an arbitrary permutation of {1, 2, . . . , n}.
By Lemma 5, for brevity, we may define
x, y . . .
where i and j are positive integers. 
Corollary 9. Let G be a nilpotent group of class 3, x, y ∈ G. Then for any nonnegative integers m and n,
,
Proof. These identities can be easily derived from Lemma 7 and 8.
Corollary 10. Let G be a nilpotent group of class 3, x, y ∈ G. Then for any nonnegative integers i, j, k, l and m,
Proof. By Corollary 9, we have
. 
Nilpotent totally symmetric dessins of class three
The rest of the paper is devoted to the classification of totally symmetric dessins D = (G, x, y) with a nilpotent automorphism group G of class three. Since each nilpotent group is a direct product of its Sylow subgroups, it suffices to consider the case when G is a p-group of class three. For simplicity such a dessin will be called a totally symmetric p-dessin of class three. In this section we give conventions and prove several lemmas. Let D = (G, x, y) be a totally symmetric p-dessin of class three. Define
Since D is totally symmetric, by Eq. (1) each of the following assignments extends to an automorphism of G ∼ = F 2 /N:
where ι = πτ πτ and ξ = ζ −1 . 
Proof. Since x τ = y and y τ = x, we have
The proof for other cases is similar and is left to the reader.
Now assume that
where a, b, c are nonnegative integers. By Lemma 6, G 3 = u, v and
and y ∩ H = y p e where d, e are nonnegative integers. In other words, d and e are the smallest nonnegative integers i and j such that x p i ∈ G ′ and y p j ∈ H. Note that
Assume that
where l, m, n are nonnegative integers such that 0 ≤ l < p b and 0 ≤ m, n < p c . Then
Lemma 13. Let (G, x, y) be a totally symmetric p-dessin of class three. Then with the above notation the following statements hold true:
Proof. (i) By Lemma 12, the automorphism τ of G transposes x and y, and u and v
for some f coprime to p. Applying the automorphism ζ to the relation we obtain that ζ(u
, and hence v h = 1. This proves that u ∩ v = 1.
Moreover, assume that
Applying ζ to the relation we get ζ(z
Comparing this with previous relation we get
On the other hand, applying ι to the relation
for some integer j. Applying τ to the relation we have
. By Lemma 9 and Lemma 12 we have
By induction we deduce that 
. By (7) we also have
(iv) Applying π to (6) and by Lemma 12 we have
Combining this with (6) we deduce that z
On the other hand, applying ξ to (6) we have
By
Combining this with (11) the congruence (14) is reduced to
Hence (13) is reduced to n ≡ 0 (mod p c ). (ii) p = 3 and l = m = n = 0 and either Proof. By Lemma 13(iv), n = 0, so Eqs. (6) and (7) are reduced to
Applying ι to the first relation we have
Combining (18) with (11) we obtain that
So it suffices to verify that the assignment x → x 1 , y → y 1 extends to a group automorphism of G.
We also have
and
Clearly, in each case
In what follows we verify that x 1 and y 1 fulfil the remaining defining relations case by case.
In this case we need to show that x 
It is clear that the groups are pairwise non-isomorphic, except possibly the groups from (v) and (vi). But each of the groups has a unique presentation, so by comparing the presentations we find that every group from (v) is not isomorphic to any group from (vi), as claimed. 
